A general boundary integral formulation for compressible Stokes flows is theoretically described within the framework of hydrodynamic potentials. The integral equation is implemented numerically to the study of drop expansion in compressible viscous flows. Marker point positions on the drop interface are involved by using the boundary integral method for calculation of fluid velocity. Surface discretization is adaptive to the instantaneous drops shapes.
Introduction
The dynamics of interface deformation in low Reynolds number flow is of interest in a wide variety of fields including chemical and petroleum engineering, solidearth geophysics, hydrology and biology. Typical applications span an immense range of length scales from microns to hundreds of kilometers: biological studies #539/01. Received: 25/IX/01.
EQUATIONS FOR COMPRESSIBLE STOKES FLOW
of cell deformation; chemical engineering studies of flotation, coating flows and the dynamics of thin films. More recently, attention has been focused on problems of foam processing where a dense phase of viscous drops are dispersed throughout a second fluid, and in particular in the generation of a dense emulsion and the determination of foam rheology.
In the low Reynolds number limit the motion is governed by the Stokes and continuity equations. Although time-dependence does not appear explicity in Stokes equations, it is consistent to study time-dependent interface deformation. This quasi-static assumption requires that the time scale for the diffusion of vorticity 2 /ν, where ν is the kinematic viscosity and characteristic length of the flow, is much less than a typical time scale for a drop deforms significantly, µ/ . is the surface tension. Physically, the absence of the temporal derivative in the equation of the motion does not necessarily imply that the flow is steady, but merely reflects the fact that the forces exerted on fluid parcels are in a state of dynamic equilibrium as a result of the rapid diffusion of momentum (or vorticity). Consequently the instantaneous structure of the flow depends upon the current boundary configuration and boundary conditions.
The boundary integral method relates velocities at points within the fluid to the velocity and stress on the bounding surfaces. It is an ideal method for studying free-boundary problems [1] - [2] . Advantages of the technique include the reduction of the problem dimensionality, the direct calculation of the interfacial velocity, the ability to track large surface deformations, and the potential for easily incorporating interfacial tension. The boundary integral formulation for incompressible Stokes flow was theoretically introduced by Ladyzhenskaya [3] within the framework of hydrodynamic potentials. This integral equation method was first implemented numerically by Rallison and Acrivos [4] . In recent years the number of applications including simulations of dilute and concentrated emulsion has increased enormously [5] - [9] .
This work proceeds by considering the extension of the boundary integral formulation for a compressible Stokes flow. We provide some of the details of the basic integral equations, along with the original modifications necessary for the study of dense emulsions. We use an adaptive mesh restructuring algorithm in order to match the instantaneous surface configuration. For deformable drops, FRANCISCO R. CUNHA, ALDO J. DE SOUSA and MICHAEL LOEWENBERG 55 mesh restructuring is based on a curvature-rule, and is fully independent from the history of deformation i.e., velocity calculations [10] . A gap-rule is also implemented when near contact motion of interacting drops needs to be accurately resolved. In the last part of the article, we outline the numerical techniques typically applied in densification of emulsions.
The mathematical formulation, governing equations, boundary conditions and assumptions are discussed in §2. The reciprocal theorem and the integral representation for a compressible newtonian fluid are proposed in §3. In §4 we describe the numerical implementations and apply the method for generating configurations of dense emulsions and foams. Concluding remarks are made in §5.
Balance equations and boundary conditions
The theoretical formulation discussed in the present article will be applied to investigate densification of emulsions formed by drops of viscosity λµ and radius a (undeformed shape at time t = 0) immersed in a second immiscible fluid of viscosity µ with an externally imposed velocity field u ∞ (see figure (1) ). In the following analysis, it is assumed that the Reynolds numbers for the flows inside and outside the drop are both extremely small, Re = ρu ∞ a/µ, Re = ρu ∞ a/λµ 1. It will be helpful to keep in mind that λ denotes the viscosity ratio between the internal and the external flow, and when λ = 0 or ∞ the particle becomes a frictionless bubble or a rigid body, respectively.
Governing equations
In the regime of low Reynolds number, compressible fluid motions are governed by the Stokes and continuity equations
V denotes a closed region of fluid bounded by a surface S, u is the Eulerian velocity field, p is the pressure, b is an external body force per unit of mass, µ and ρ are the fluid viscosity and density, respectively, and = V −1 DV /Dt is the rate of expansion of the flow. 
Boundary conditions
The boundary conditions on a drop interface S with surface tension require a continuous velocity across the interface and a balance between the net surface traction and surface tension forces that express the discontinuity in the interfacial surface forces [2] , [11] . Mathematically, these conditions are expressed as
where u denotes the flow inside the drop. For an active interface free of surface viscosity, surface elasticity and surface module of bending and dilatation, the traction jump
constitutive equation is written as [12] T
The notation [[ ]] denotes a jump in flow quantities, is the interfacial tension acting between the drop and fluid phases, n is the unit normal vector to S, σ is the Eulerian stress tensor, T T T = n ·σ is the surface traction, (I −nn)·∇ denotes the gradient operator ∇ s tangent to the interface, I is the identity tensor and ∇ s ·n denotes the mean curvature of the interface κ. In general, it can be expressed as the sum of the inverse principal radii of curvature κ = (R −1
2 ). The force balance at the interface (3) might include both a normal traction jump (n · T T T )n and a tangential stress jump (I − nn) · T T T due to gradients of surface tension along the interface. The dynamic effect on interfacial tension gradients are known as Marangoni effects. These variations here are associated with the presence of surfactants in the fluid. In a real flow system, we must often expect to vary from point to point on the interface, and it is important to consider how gradients of may influence the deformation of the drop. To describe Marangoni stress effects additional convection-diffusion equation is necessary for determining the surfactant distribution along the interface [6] .
A kinematic constraint relates changes in the interface position to the local velocity. Thus interface evolution of drops are described with a Lagrangian representation
Integral equations
The boundary integral formulation developed in this article provides a powerful method for computing compressible Stokes flow by solving integral equations for functions that are defined over the boundaries. The important benefits of this extended approach is the ability to track deformation and swelling of drops in very dense emulsions or foam.
Reciprocal theorem for a Newtonian fluid
In this section we derive the Lorentz reciprocal theorem for the general case of compressible Newtonian fluids. The calculations comprise an extension of the demonstration presented in [13] . The reciprocal identity find extensive applications in the study of Stokes Flows. The major strength of the reciprocal identity is that it allows us to obtain information about a flow without having to solve the equations of the motion explicitly, but simply by using information about another flow.
EQUATIONS FOR COMPRESSIBLE STOKES FLOW
Consider a closed region of fluid V bounded by a surface S. Now consider two unrelated compressible flows of two different Newtonian fluids with densities ρ and ρ and viscosities µ and µ , and stress fields σ and σ , respectively: Flow 1: u, σ ; (ρ, µ). The equations for conservation of mass and momentum in terms of the material derivative, D/Dt, for the flow 1 are respectively:
Here, locally, u is the velocity, σ is the stress field and b is the external body force per unit of mass. The Newtonian constitutive equation for a compressible flow is given by Batchelor [14] 
where I is the identity, E = 1 2
(∇u + ∇ T u) is the rate of strain tensor and ∇ T u denotes the transpose of the tensor ∇u.
Flow 2: u , σ ; (ρ , µ ).
Similarly, the conservation and constitutive equations for the flow 2 are respectively
where
is the rate of deformation for the fluid 2. First consider the tensorial operation
but for a Newtonian compressible flow
denotes the rate of expansion of the flow [14] . Thus (9) may be written as
If the same steps are applied to σ : E; it must reduce in an analogous fashion to
One require E : E = E : E so that
Now, substituting (13) into (12), ones obtain
As a consequence of the symmetry of the stress tensor σ : ∇u = σ T : ∇u = σ : ∇ T u . Then, one may write that
In this step we make the dot product of Cauchy's equation (5) by u in order to define the last term in the RHS of (15) . Therefore after substituting back the result of this operation into (15), it gives
By reversing the role of the primed and unprimed variables, it is also possible to obtain
Now, substituting (16) and (17) into (14), multiplying the resultant equation by µ and make few manipulations, we obtain an expression for the generalized Lorentz reciprocal theorem for a Newtonian compressible flow (reciprocal identity): 
Integral representation for a compressible Stokes flow
Consider the particular flow of interest with velocity u and stress tensor σ . The known flow is the one due to a point force with strength h, and located at a point x o . Suppose that the inertia of both fluids has a negligible influence on the motion of the fluid elements, and by convenience takes µ = µ and ρ = ρ . Flow 1 and flow 2 for this particular situation are described as following. 
where ρb = B is the body force by unit of volume and = ∇ · u is the flow rate of expansion. 
with | u |→ 0 and | σ |→ ∞ as | x |→ ∞. The solution of such equations may be derived, for example, using Fourier transforms [2] p (
where, the stokeslet, G and the stresslet T are defined by the following expressions:
The above functions are the kernels or the free-space Green's functions that maps the force h at x o to the fields at x in an unbounded three-dimensional domain. Herex = x − x o , and r =|x |. Physically u = G(x) · h expresses the velocity field due to a concentrated point force hδ(x − x o ) placed at the point x o , and may be seen as the flow produced by the slow settling motion of a small particle. 
Now, considering the body force exerted on the flow (u, σ ) the gravity force B = ∇(ρg · x), substituting the expressions of the point-force solution into (25) and discarding the arbitrary constant h ones obtain
Note that we have used for the first term on the RHS of equation (26) 
The volume integrals in equation (27) can be converted to the surface integrals over S, by using the divergence theorem obtaining where n is the unit outward normal to the surface S. Equation (28) is the integral representation of the flow if the singularity is outside V . It will be shown that the integral equation (28) is a useful identity for developing new integral equations in terms of jump conditions on the interface.
Point force inside V . In order to formally determine the integral representation for the situation which δ(x − x o ) = 0 inside V , we must integrate again the equation (26). Applying the divergence theorem and δ-distribution property, one obtains
Equation (29) is the integral representation for compressible Stokes in terms of four boundary distributions involving the Greens's functions G, the stresslet T and the potential source 1/r. The first distribution on the RHS of (29) is termed the single-layer potential, the second distribution is termed double layer potential, whereas the last new term is a potential source distribution due to the compressibility of the flow with a constant rate of expansion.
Integral representation in terms of the traction jump
External flow representation. Using the reciprocal identity (28) for the internal flow u (inside the particle) at a point x o that is located exterior to the particle, one obtain
Now, applying equation (29) 
Internal flow representation. We repeat the above procedure for the internal flow. Hence, the integral representation of the internal flow is obtained when equation (29) is applied,
Using the reciprocal identity (26) for the external flow u (outside the particle) at a point x o that is located in the interior of the particle, one obtain after dividing the full equation by λ, that
The integral representation of the internal flow as a function of the jump condition is obtained by combining (32) and (33)
Integral representation for the interface.
The integral representation for the flow solution at the interface is found by applying the jump condition
] to the equations (31) and (34) (see figure 1) . For the limit of x o going to the interface, u(x o ) = u (x o ) (continuity of velocity) and the traction discontinuity T T T is given by the equation (3) . Under these conditions only the integral representation for the fluid-fluid interface S need to be considered, hence
where A = 1/4πµ and B = 3 2π
(λ − 1). It should be noted that when the viscosity ratio λ = 1.0 and ρ = 0 the double layer and the single layer integrals (related to the buoyancy force) vanish and the flow is expressed merely in terms of a single-layer potential with known density force T T T and the source potential integral. This means that the same fluid is occupying all space, but with a membrane of points force and sources provide by the singularities at the positions of the interface.
Application
In order to generate realistic high-volume-fraction microstructures, one propose to simulate the centrifugation process by which high-density emulsions are produced from low-density materials [15] . The extraction of the continuousphase fluid during this densification process is equivalent to a distributed sink of continuous-phase fluid. Thus, we will simulate this densification process by describing the evolution in a system with a uniformly-distributed sink of continuous-phase fluid.
Interacting drops
All simulations rely on the boundary integral method. Periodic boundary conditions are enforced through the use of periodic Greens functions. These are obtained by Ewald summation [16] using accurate computationally-efficient tabulation of the nonsingular background contribution [7] . The appropriate formulation was derived in §3. The resulting boundary integral formulation are now capable of describing the dynamics of dense emulsions for uniform compressibility. Accordingly, the evolution of M neutrally buoyant deformable drops is described by time-integrating the fluid velocity u(x o ) on a set of interfacial marker points x 0 on each drop surface. In the present application it is considered the case in which there is a rapid equilibrium of insoluble surfactants (incompressible surfactants). Therefore, Marangoni stresses and adsorption-desorption of surfactants can be ignored.
All quantities below are made dimensionless using the (volume-averaged) drop size a and the relaxation rate /µa. The relevant physical parameters that describe the simulated system simulated are: λ, φ and the compressibility parameter, Ca o = aµ / (ratio of viscous to surface tension stress). Ca o is the appropriate capillary number for the densification process. In the absence of an imposed flow (i.e. u ∞ (x o ) = 0), the dimensionless fluid velocity is governed by the second-kind integral equation on the interfaces S m (m = 1, · · · , M) of all simulated drops.
G P and T P are respectively the periodic stokeslet and stresslet defined as in reference [17] , P is the periodically-replicated r The volume-averaged stress tensor from the dispersed phase is obtained from an integral of the traction jump and fluid velocity over the drop interfaces [14] ,
Equation (38) is the contribution of the dispersed phase to the macroscopic stress of the emulsion due to the dipole stresslet that each drop torque free generates in the flow. The (volume-averaged) non-equilibrium osmotic pressure during densification is tr ( ) − 2φ, where tr( ) is the trace of the stress tensor, and 2φ is the contribution from the capillary pressure of spherical drops. When densification stops, the drop shapes relax, and the stress relaxes to the equilibrium osmotic pressure which depends only on the drop shapes.
Numerical results
Evolution of a drop surface S was simulated by means of a surface discretization with initial number of marker points N o [10] , [17] . Marker points are convected with the fluid velocity. During the simulation mesh restructuring is performed on S. After each time step, first marker points are added/subtracted on S as required by condition (39); then global mesh equilibration and reconnection are performed. The surface discretization is equilibrated as a dynamical system of springs. An equilibrium configuration is found by direct numerical simulation of evolution of the system of springs using a second order Runge-Kutta scheme to preserve accurate description of the interface for evaluation of the normal vector n at each integration step. The iterative process is stable and converges quickly to an equilibrium configuration for a smooth distribution of traction. The normal vector and curvature were calculated by the local surface-fitting algorithm of [18] . The fluid velocity on the drop interfaces are obtained by an iterative solution of (36) using the GMRES algorithm (a generalization of the conjugate gradient method to non-symmetric matrices) to achieve convergence for the closely-spaced interface configurations that characterize dense emulsions. Once fluid velocity is known, positions of marker points are evolved by a second Runge-Kutta scheme. An appropriate time step that is proportional to the shortest edge length is set in order to ensure stability.
The adaptive surface triangulation algorithm, described in [10] , has been extended to construct efficient simulations of dense systems. Accordingly, a new marker point density function was defined that resolves the minimum local length scale everywhere on the drop interfaces. For the proposed problem the minimum local length scale may depend on the local curvature or local film thickness h. Thus, the marker point density function [10] should be generalized to:
where R 1 , R 2 are the local principal radii of curvature, and C 1 are O(1) constants whose precise value is unimportant. The proposed marker point density function (39) resolves the rim of dimpled regions where the film thickness varies rapidly and the lubrication length scale √ hR in regions where the film thickness is slowly-varying (R = min[R 1 , R 2 ]). Only rim regions, not flat regions, require high resolution.
An inspection of the result in figure 3 , which was obtained using the density function (39), illustrates this point: high resolution is needed on the plateau borders and junctions, not on the flat films between drops. This observation is important for ensuring the feasibility of accurately resolving the dynamics of the closely-spaced interfaces that characterize the dense systems that we have explored.
The surface integrations in Equations (36), involve singular integrand. Trapezoid-rule integration with singularity subtraction and near-singularity subtraction for closely-spaced interfaces of drops (if surface tension gradients are not present) [7] can be used to accurately evaluate the integrals. Equation (36) has eigensolutions that cause unphysical changes in the dispersed-phase volume at small viscosity ratios, corrupt numerical solutions at large viscosity ratios, and slow the iterative convergence. These effects were eliminated by implementing Wielandt eigenvalue deflation described in [2] in order to purge the solutions corresponding to λ = 0 and λ = ∞. The resulting surface integration algorithm is economical and O(1/N ) accurate, consistent with the triangulated representation of the drop interface. A wide range of densification processes can be simulated through the appropriate φ dependence (i.e., time-dependence) of . It is also possible to explore microstructural manipulation through an applied shear during densification. Here, we consider constant compressibility, quiescent flow conditions and the case λ = 1.0 because the numerical implementation is simpler. Densification with prescribed non-equilibrium osmotic pressure has been also explored since it corresponds most closely to the experimental procedure that has been developed [15] . Under these conditions, densification proceeds until the applied osmotic pressure is balanced by the equilibrium osmotic pressure of the emulsion. The Kelvin-cell and Weaire-Phelan microstructure, depicted in figures (6) and (5), were obtained using an algorithm based on the compressible formulation discussed in §3. the evolution of drop shape from spheres to Kelvin cells. Once the emulsion expansion has stopped, the drop shape will continue to relax toward equilibrium. This process is illustrated in figure (6); the emulsion expand and then relaxes for twenty time units. We have no experimental results with which compare our numerical predictions.
Conclusion
The formulation of boundary integral equations for compressible Stokes flow has been discussed. The approach was applied for generating dense compressed emulsion structure in viscous flows with periodic boundary conditions. We have made substantial progress on the problem of emulsion densification. The results demonstrate the feasibility of simulating high-volume-fraction systems. A study of densification may have interesting materials processing applications that will be pursued in a future study.
